Abstract. We prove invariance under duality of an invariant in the Bloch group obtained from decorated triangulations of 3-manifolds.
Introduction
Representations of fundamental groups of manifolds into PGL(3, C) have been studied from various points of view. As the bulk of past research concentrated in representations of surface groups, some results have been recently addressed for fundamental groups of 3-manifolds and their representations into PGL(n, C) or SL(n, C) (see [MFP, BFG, GTZ, DGG, G] . One of the main concerns at this point is to collect a sufficient amount of examples which will give directions for further research. In particular, it is not an easy matter to find examples of nontrivial representations of fundamental groups of hyperbolic manifolds even for n = 3, that is, PGL(3, C). But some special representations have been studied before as they have values in subgroups of PGL(3, C), notably PU(2, 1) (see [FW] for references), SL(3, R) and PGL(2, C).
Given a simplicial complex K one can define coordinates in a Zariski open set in the character variety following [BFG] (see also [F1, F3, FW, GGZ, DGG, G] ) The coordinates are obtained through a decoration of the simplices by associating a flag in CP 2 to each vertex and imposing that compatibility conditions should hold along faces and edges. The decorated simplicial complex is denoted (K, z), where z stands for a set of complex coordinates. Using these coordinates one can define an invariant β(K, z) in the pre-Bloch group P(C). The 5-term relation expresses the fact that β(K, z) is invariant under changes of the triangulation. In the particular case of manifolds with cusps, one can start with an ideal triangulation and show that if we choose a sufficiently thin barycentric sub-division we do obtain the full character variety.
There are two natural involutions on PGL(3, C), namely, complex conjugation and the Cartan involution given by Θ(g) = (g −1 ) T = (g T ) −1 , where for A ∈ PGL(3, C), A T denotes its transpose. Those involutions determine two actions on the representation space of a group into PGL(3, C) and also on the corresponding character variety.
On the configuration space of flags in CP 2 , there are two natural involutions as well. One is induced by the complex conjugation, the other is induced by duality, that is, by the corresponding flags in the dual vector space. These give rise to two actions on the coordinates and the invariant β(K, z). See section 3 for the details. Moreover, the complex conjugation corresponds to the complex conjugate representation and the duality corresponds to the Cartan involution Θ on the representation space.
Although complex conjugation is more easily understood, the action of duality on β(K, z) is more elusive. Our goal in this paper is to examine the action of duality on the invariant β(K, z). We prove that duality changes the invariant by a boundary term. In particular, if the simplicial complex has only cusp boundary, the invariant is fixed by duality. We believe that invariance under duality will also hold for PGL(n, C), n ≥ 4.
Motivation for this work follows from data accumulated in [FKR] and in the CURVE project (see [CURVE] ). We have listed unipotent decorated triangulations for cusped hyperbolic manifolds obtained by gluing up to four tetrahedra. The representations come in quadruplets consisting of one representation and its orbit under the group Z 2 × Z 2 generated by conjugation and duality. We have checked numerically that the volumes of dual representations are the same and that prompted us to guess that the underlying invariants in the Bloch group from which the volume is computed are also the same. We have also checked numerically equality of the volume under duality for random points in the character variety of the figure eight knot ( [FGKRT] ), giving us further evidence that duality preserves the invariant β(K, z) even in the pre-Bloch group P(C).
Another motivation for this work is the result related to CR structures proved in [FW] (see [J] as a general reference for CR structures). We considered ideal triangulations of cusped manifolds with a decoration implying that each simplex can be realized as having the four vertices in the standard sphere in C 2 (the figure eight knot example is treated in [F2] ) and proved that the volume of the decoration (defined as the the Bloch-Wigner dilogarithm applied to an element of the Bloch group which is canonically associated to the decoration) is null. Here we obtain a refined result.
The organization of the paper is the following. In section 2, we recall the definitions and basic properties of (pre-)Bloch group, dilogarithm function and duality on the configuration space of flags in a projective space. In section 3, we first review the coordinates defined in [BFG] which parametrize the generic configurations of 3 and 4 ordered flags in CP 2 . Then we study in detail how these coordinates change under duality. The main result in this section is Proposition 3.10 which shows that for T a tetrahedron of flags, the difference of the P(C)-valued invariant β(T ) and its dual is a boundary term. In section 4, for a decorated simplicial complex (K, z), we study its P(C)-valued invariant β(K, z) and prove the main Theorem 4.3 saying that if the simplicial complex has only cusp boundary, then β(K, z) is invariant under duality. Finally in section 5, we give two applications. One is about CR structures which refines a result in [FW] . The other is that for a cusped hyperbolic manifold M of finite volume, the P(C)-valued invariant β(ρ) of a decorated representation ρ : π 1 (M) → PGL(3, C) is invariant under duality.
Preliminaries
2.1. The pre-Bloch group, Bloch group and Dilogarithm. There are several definitions of Bloch group in the literature and we will mainly follow [S1] here.
2.2. Definition. Let F be a field. The pre-Bloch group P(F ) is the quotient of the free abelian group Z[F \ {0, 1}] by the subgroup generated by the 5-term relation:
For z ∈ F \ {0, 1}, we will still denote by [z] the element it represents in P(F ). If F is algebraically closed, then we have two more relations in
Now for a, b ∈ C \ {0, 1} and ab = 1, if we take x = a −1 , y = b in the 5-term relation 2.2.1, we get the following identity in P(C):
We will need these identities in later sections .
Consider the tensor product F * ⊗ Z F * , where F * = F \ {0} is the multiplicative group of F . Let T = x ⊗ y + y ⊗ x | x, y ∈ F * be the subgroup of F * ⊗ Z F * generated by x ⊗ y + y ⊗ x, where x, y ∈ F * .
2.3. Definition. 2 F * = (F * ⊗ Z F * )/T . For x, y ∈ F * , we will denote by x ∧ y the image of x ⊗ y in 2 F * .
By definition, for x, y ∈ F * , we have x ∧ y = −y ∧ x and 2 x ∧ x = 0.
2.4. Definition. The Bloch group B(F ) is the kernel of the homomorphism δ. It is a subgroup of P(F ).
When F = C, P(C) ([DS] Theorem 4.16) and B(C) ([S1]) are uniquely divisible groups and, in fact, are Q-vector spaces with infinite dimension ( [S1] ). In particular they have no torsion. On the other hand, if F = R, then there exists torsion. In particular, for all x ∈ R − {0, 1}, the element [x] + [1 − x] ∈ B(R) does not depend on x and has order six ([S1] Proposition 1.1).
Consider the complex conjugation in C and its extension to an involution:
. As σ preserves the 5-term relation (2.2.1), it induces an involution on the pre-Bloch group P(C) which we will also denote by τ . Let P(C) + = {x ∈ P(C)|τ (x) = x} and P(C) − = {x ∈ P(C)|τ (x) = −x}. They are the corresponding ±1-eigenspaces of τ . Then we see
Similarly,
2.5. Definition. The Bloch-Wigner dilogarithm function D : C − {0, 1} → R is defined as follows: for x ∈ C − {0, 1}, define
where for a complex number z, ℑz is its imaginary part.
It is well-defined and real analytic on C − {0, 1} and extends to a continuous function on the projective line CP 1 by defining
It is well-known that it satisfies the 5-term relation (2.2.1). Hence it linearly extends to a well-defined homomorphism:
Since D(z)=-D(z) for any z ∈ C, we obtain that
For the proofs of the above-mentioned properties of the dilogarithm function D, see [B1] Lecture 6.
2.6. Configuration space of flags and duality. Let V be a complex vector space of dimension n. Let P(V ) be the projective space of V . We have the natural map π : V \ {0} → P(V ) which sends each nonzero vector v to the line [v] generated by v. For a subspace W of V , we will denote π(W \ {0}) by P(W ). A flag of P(V ) is defined to be an ascending sequence of linear subspaces of P(V ) :
be the set of all flags of P(V ). For a positive integer m, we define
, 1 ≤ i ≤ m} to be the set of m ordered flags of P(V ). Since PGL(n, C) acts naturally on Fl(V ), it acts term-by-term on Fl m (V ). The configuration space of m ordered flags of P(V ) is defined as the orbit space of Fl m (V ) by the action of PGL(n, C). We will denote it by Conf m . For (
Let V * be the dual vector space of V , this is, the space of all linear functionals of V . Let P(V * ) be the projective spaces of V * . Let Fl(V * ) be the set of all flags of P(V * ). Given a subspace W of V with dim W = l, we define
as follows: for a flag
If we fix a basis {e 1 , · · · , e n } of V , we have the dual basis {e * 1 , · · · , e * n } of V * and an isomorphism between V and V * which maps e i to e * i , 1 ≤ i ≤ n. Under this isomorphism, we identify Fl(V * ) with Fl(V ). Now the above map σ :
It is straightforward to check that Θ m is independent of the chosen basis and Θ m • Θ m = id.
2.7. Definition. We call Θ m the duality on the space of configurations of m ordered flags of
Coordinates for Configuration space of flags and duality in CP 2
From now on, we will only consider the case V = C 3 . We will fix the standard basis {e 1 = (1, 0, 0), e 2 = (0, 1, 0), e 3 = (0, 0, 1)} of V and the corresponding dual basis {e * 1 , e * 2 , e * 3 }. Then P(V ) = CP 2 is the projective plane.
3.1. Note that a hyperplane of V corresponds to the kernel of a linear functional, so we obtain
Hence the natural action of PGL(3, C) on Fl(V ) has the following form. For A ∈ PGL(3, C) and
where
Here T means the transpose of a matrix. Under the canonical isomorphism between V and its double dual V * * , we get
By definition, the map σ :
is simply switching the point and the line, i.e.
For a complex number z, we denotez its complex conjugation. Now we have another involution on Conf m induced by complex conjugation.
=C is an involution for any m ≥ 1. By definition, ι and Θ m commute, i.e., for C ∈ Conf m , we have
3.2. Clearly Conf 1 consist of one point. Next, we will review the coordinates defined in [BFG] which parametrize the generic configurations in Conf 2 , Conf 3 and Conf 4 . Then we will study the changes of these coordinates under the duality Θ 3 and Θ 4 .
e. no three of them lie on a line in CP 2 ). We say it is a very generic configuration if it is generic and the lines
are in generic position as well. We will denote by Gc m the configuration space of m ordered generic flags of P(V ).
Note that the configuration space of m very generic flags is a Zariski open subset of Gc m . The image of a generic but not very generic configuration under Θ m might be no longer generic. Thus, when restricting to Gc m , Θ m is a birational automorphism of order dividing 2.
Given a generic configuration
we have its triple ratio
which classifies the configuration space of three ordered generic flags of P(V 
Thus there is only one generic but not very generic configuration C 0 ∈ Conf 3 , whose triple ratio z = −1.
The triple ratio is well defined in this case and
satisfies the same property. Let σ is a permutation of {1, 2, 3}. We see that if σ is an even permu-
The triple ratio of Θ 3 (C) is equal to
For C ∈ Gc 3 , we see from the definition the triple ratio of its complex conjugationC is equal to the complex conjugation of the triple ratio of C. Summarizing the above discussions, we have the following 3.4. Proposition. (1). Gc 3 is identified with C * by the triple ratio. C ∈ Gc 3 is very generic if and only if its triple ratio in addition satisfies z = −1.
(2). Θ 3 extends to an involution on Gc 3 . Moreover by the triple ratio, it corresponds to the involution t : C * → C * given by
(3). By triple ratio, ι : Gc 3 → Gc 3 corresponds to the complex conjugation c :
3.5. Following [BFG] , we call a (very) generic configuration in Gc 4 a (very) generic tetrahedron of flags. Figure ? ? displays the coordinates on a tetrahedron of flags.
be a generic tetrahedron of flags (1234). There are 12 coordinates for the 12 oriented edges of the tetrahedron and 4 coordinates for the 4 oriented faces of the tetrahedron. Let's recall the definition of the edge coordinate z ij (T ) associated to the edge ij, 1 ≤ i = j ≤ 4. We first choose k and l such that the permutation (1, 2, 3, 4) → (i, j, k, l) is even. Then the set of all the lines in P 2 (C) passing through the point x i is a projective line. We have four distinct points on this projective line: the line ker f i and the three lines x i x l passing through x i and x l for l = i. We define z ij as the cross-ratio of these four points by
where we define the cross-ratio r[x 1 , x 2 , x 3 , x 4 ] of four distinct points x 1 ,x 2 ,x 3 ,x 4 on a projective line to be the value at x 4 of the linear fractional transformation mapping x 1 to ∞, x 2 to 0, and x 3 to 1. Hence we have the formula
By [BFG] Lemma 2.3.1, we have another description for z ij (T ):
For each face (ijk) oriented as the boundary of the tetrahedron (1234), we define the face coordinate z ijk (T ) to be the triple ratio of
By (3.5.1), we obtain
This means z ijk (T ) is the opposite of the product of all edge coordinates "leaving" this face.
When gluing tetrahedra along a face it is important to notice that if the same face (ikj) (with opposite orientation) is common to a second tetrahedron T ′ then
.
By the basic properties of cross-ratios, we see that the edge coordinates leaving a vertex i are related by:
Observe that the relations follow a cyclic order around each vertex which is defined by the orientation of the tetrahedron. Moreover the
above relation implies that at each vertex i, the edge coordinates leaving i satisfy:
3.6. Proposition.
(1). A generic tetrahedron of flags T ∈ Gc 4 is uniquely determined by the 4 edge coordinates (z 12 (T ), z 21 (T ), z 34 (T ), z 43 (T )) which are in C \ {0, 1}. Hence
(2). T ∈ Gc 4 is very generic if and only if the face invariants satisfy
Proof.
(1). Note since T is generic, each edge coordinate z ij (T ) ∈ C \ {0, 1}. By [BFG] Proposition 2.4.1, under the action of PGL(3, C), T is uniquely given by the following four flags ([ Note the above isomorphism Gc 4 ≃ (C \ {0, 1}) 4 is not canonical. In fact one can choose one edge coordinate at each vertex, for instance, (z 13 (T ), z 21 (T ), z 32 (T ), z 43 (T )) will also give the isomorphism.
Let T ∈ Gc 4 be a generic tetrahedron with edge coordinates z ij (T ), 1 ≤ i = j ≤ 4. We define a P(C)-valued invariant:
We define the volume of T to be 1 4 D(β(T )), where D is the BlochWigner dilogarithm function in Definition 2.5. We denote it by V ol(T ). (2). For the edge coordinates, choose k,l such that the permutation (1, 2, 3, 4) → (i, j, k, l) is even, then we have
Proof. (1). This follows from Proposition 3.4. (2). Since the second equality follows from (3.5.2), we need to show the first equality. We will compute explicitly the dual coordinates and obtain the formula after some manipulations. Indeed, recall that in the proof of Proposition 3.6, we have the following coordinates for T : To get the corresponding coordinates for z * ij , we do the following. First there is a unique A ∈ PGL(3, C) which maps [0,
Now we will show how to find the formula of z * 12 . The other cases are similar and we will omit the details. Apply (A −1 ) T to (1, 0, 0) T , we obtain 
✷
From the above proposition it follows immediately 3.9. Corollary. Let T = (F i ) 1≤i≤4 be a very generic tetrahedron of flags with edge coordinates z ij . Let T * be its dual configuration with edge coordinates z * ij . Then for {i, j, k, l} = {1, 2, 3, 4} z * ij z * ji = z kl z lk . Now we can prove the following main proposition which compares β(T ) and β(T * ) in P(C).
3.10. Proposition. Let T = (F i ) 1≤i≤4 be a very generic tetrahedron of flags with edge coordinates z ij and face coordinates z ijk . Let T * be its dual configuration. Then in P(C), we have
Proof. There are two cases. Case (I): z 12 z 21 = 1 and z 34 z 43 = 1. By (2.2.4), ∀ x, y ∈ C \ {0, 1} and xy = 1, we have (3.10.1) Since P(C) is uniquely divisible, Hence β(T ) = 0. By Corollary 3.9, β(T * ) = 0. By (3.5.2) and (3.5.3), we calculate that
Hence the proposition holds in this case. Now suppose that z 12 z 21 = 1 and z 34 z 43 = 1. Then
]. Using the corresponding formulae in the case (I), we see that the proposition holds. We omit the details here since it is analogous to the case (I). For the case z 12 z 21 = 1 and z 34 z 43 = 1, the proof is similar. The proposition is proved. ✷ 3.11. Remark. By the Proposition, β(T ) and β(T * ) differ by the face terms in P(C), so their volumes differ by the sum of the values of the dilogarithm function D at the negative face coordinate. In particular, their volumes are generically different. This can be easily checked numerically.
3.12. Remark. A slightly different proof of the main proposition above is obtained by defining another coordinates w ij = z ij z ji , 1 ≤ i = j ≤ 4. We clearly have w ij = w ji . The map defined in this way is birational. We have indeed z 12 = w 12 w 13 w 23 − w 23 + 1 w 12 w 13 w 23 + 1 z 21 = w 12 w 13 w 23 + 1 w 13 w 23 − w 23 + 1
The group PSL(2, C) preserves the isotropic cone of this form. The projectivization of this cone is identified to CP 1 via the Veronese map (in canonical coordinates):
The first jet of that map gives a map h from CP 1 to the space of flags Fl(V ). A convenient description of that map is obtained thanks to the identification between C 3 and its dual given by the quadratic form. Denote , the bilinear form associated to the determinant. Then we have
. We call it a hyperbolic tetrahedron. By direct computations, we have the edge and face coordinates :
Hence, by Proposition 3.6, T is very generic. By Proposition 3.8, we find
That is, a hyperbolic tetrahedron is self-dual. Therefore, β(T ) = β(T * ). Conversely, given parameters satisfying the equations above, they define a unique hyperbolic tetrahedron.
2.The Spherical CR case. Spherical CR geometry is modeled on the sphere S 3 equipped with a natural PU(2, 1) action. More precisely, consider the group U(2, 1) preserving the Hermitian form z, w = w * Jz defined on V = C 3 by the matrix 
Let π : C 3 \ {0} → P(V ) = CP 2 be the canonical projection. We define H 2 C = π(V − ) the complex hyperbolic space and its boundary ∂H 2 C can be identified with S 3 , that is,
This defines a natural inclusion h 1 : S 3 → CP 2 . The group of biholomorphic transformations of H 2 C is PU(2, 1), the projectivization of U(2, 1). It acts on S 3 by CR transformations. We define C-circles as boundaries of complex lines in H 2 C . Analogously, R-circles are boundaries of totally real totally geodesic two dimensional submanifolds in H 2 C . Now an element x ∈ S 3 gives rise to a flag (h 1 (x), l x ), where l x is the unique complex line tangent to S 3 at x. Therefore,we have a map
Recall that 4 distinct points in S 3 is generic if any three of them are not contained in a C circle. Given 4 generic points p 1 , p 2 , p 3 and p 4 , we have a tetrahedron of flags T given by h(p 1 ), h(p 2 ), h(p 3 ) and h(p 4 ). We call it a CR tetrahedron. Then by definition its edge coordinates z ij are exactly those defined in [F2] . In addition to the relations (3.5.3), they satisfy another three equations:
with not all of them being real, where for a complex number z, z means its complex conjugation. By [F3] page 411, the face coordinates are given by
Hence T is very generic if and only if
. This is equivalent to that p i , p j , p k are not on a C-circle. By [F2] Proposition 4.2, we see that T is very generic if and only if p 1 , p 2 , p 3 and p 4 are generic points on S 3 . Thus, a CR tetrahedron T is very generic. For the dual coordinates, we have z * ij = z ij . I.e. the dual of a CR tetrahedron corresponds to the complex conjugation.
Note the condition z ij z ji = z kl z lk ∈ R for all equations describes other configurations of four flags, not necessarily CR configurations, but including the ones contained in an R-circle which coincide with the real hyperbolic ones with real cross ratio. That is,
4. Decorations of triangulations, P(C)-valued invariant, and duality 4.1. Ideal triangulations by flag tetrahedra. We use the definition of an ideal triangulation of a 3-manifold as it is used in computations with Snappea. It is a finite union of 3-simplices K = N ν=1 T ν with face identifications (which are simplicial maps). The quotient manifold |K| − |K (0) | can be retracted to a compact manifold with boundary when the vertices |K (0) | of the tetrahedra are deleted. The boundary has two types, one coming from 2-skeletons on the boundary of K and the other one being the links of |K (0) |. Given such a compact oriented 3-manifold M with boundary, we call a triangulation K as above an ideal triangulation of M. But we will also consider a general ideal triangulation K such that |K| − |K (0) | is not necessarily a manifold.
Definition. A generic decoration of an ideal triangulation
T ν is a map from the 0-skeletons of the triangulation to Fl(V )) such that, for each (oriented) 3-simplex T ν , the 4 flags assigned to its 4 vertices form a generic tetrahedron of flags. So a decoration associates for each 3-simplex T ν a set of coordinates z ij (T ν ) as defined in section 3. We denote a decorated ideal triangulation K by (K, z), where z = (z ij (T ν )) N ν=1 stands for the set of coordinates associated for all 3-simplices.
From now on we fix K = N ν=1 T ν a decorated oriented ideal triangulation together with an ordering of the vertices of each 3-simplex of K. Let z ij (T ν ) be the corresponding z-coordinates. We define the following compatibility conditions which imply the existence of a well defined representation of the fundamental group of the manifold M into PGL(3, C) (cf. [BFG] and [F2] for the CR case).
4.3. Consistency relations. Let F be a face (2-dim simplex) of |K|. Let T and T ′ are two 3-simplices of K with the common face F . Suppose that the vertices of T (resp. T ′ ) are i, j, k, l (resp.i, j, k, l ′ ) and that the face F is (ijk) which is oriented as a boundary of T . Since when the face F is attached to T or T ′ , it only changes its orientation, we have the following for the face coordinates:
(Face equations) Let T and T ′ be two tetrahedra of K with a common face (ijk) (oriented as a boundary of T ), then z ijk (T ) 
For a fixed edge e ∈ |K| let T ν 1 , · · · , T νn e be the n e 3-simplices in K which contain an edge which projects onto e ∈ |K| (counted with multiplicity). For each 3-simplex in K as above we consider its edge ij corresponding to e. We have the following for the edge coordinates:
T ν is a decoration (K, z) satisfying the the consistency relations, i.e. the above face equations and edge equations. A very generic parabolic decoration of an ideal triangulation K is a parabolic decoration such that for each 3-simplex T ν of K, the 4 flags associated to its 4 vertices form a very generic tetrahedron of flags.
Let's denote by Sol(K) the set of all parabolic decorations of K. Since the face and edge equations are polynomials in z ij (T ν ) with integer coefficients, Sol(K) is a quasi-projective variety defined over Z.
Clearly the set of all very generic parabolic decorations is a Zariski open subset of Sol(K).
Given a decoration (K, z), if for each 3-simplex T ν , we replace the corresponding tetrahedron of flags by its complex conjugation, then we get a new decoration. We call it the complex conjugation of (K, z) and denote it by (K,z). Note the coordinates of (K,z) are exactly the complex conjugation of those of (K, z). Since the face and edge equations are polynomials in z ij (T ν ) with integer coefficients, if (K, z) is parabolic, so is (K,z). Analogously, given a very generic parabolic decoration (K, z), if for each 3-simplex T ν , we replace the corresponding tetrahedron of flags by its dual, then we get a new decoration. We call it the dual of (K, z) and denote it by (K, z * ). The coordinates of (K, z * ) are related to those of (K, z) by Proposition 3.8. Next we show that the dual of a very generic parabolic decoration is also very generic parabolic.
4.5. Proposition. Let (K, z) a very generic parabolic decoration. Then (K, z * ) is a very generic parabolic decoration .
Proof. Since the dual of a very generic tetrahedron of flags is very generic, it suffices to show that (K, z * ) satisfies the face and edge equations. For the face equations, since (K, z) satisfies them, it follows from Proposition 3.8 (1) that (K, z * ) also satisfies. Let e ∈ |K| be an edge. Suppose T 1 , · · · , T n be the n 3-simplices in K which contain an edge (ij) projecting onto e. Hence the vertices of these 3-simplices can be given as follows:
By Proposition 3.8 (2), we have
. Since T l−1 and T l have a common face (ijk l ), 2 ≤ l ≤ n, T n and T 1 have a common face (ijk 1 ), by face equations, we obtain
Since (K, z) satisfied the edge equations, we have
By the above Proposition, we see the duality induces a birational involution on Sol(K) which is commute with the complex conjugation. Hence Sol(K) has a subgroup of birational automorphisms isomorphic to Z/2Z × Z/2Z. 4.6. Definition. Let (K, z) ∈ Sol(K) be a parabolic decoration. We define the invariant
We define its volume to be Vol(K, z) = 1 4 D(β(K, z)), where D is the Bloch-Wigner dilogarithm function. Now we have a map
Recall we have an involution τ on the pre-Bloch group P(C) induced by complex conjugation. Let (K, z) ∈ Sol(K) and (K,z) be its complex conjugation. It is clear that
Now we consider β(K, z) and β(K, z * ) for a very generic parabolic decoration. We have the following theorem: 4.7. Theorem. Let M be a 3-dimensional manifold with an ideal triangulation K = N ν=1 T ν . Assume M has no boundary coming from 2-skeletons on the boundary of K. Let (K, z) ∈ Sol(K) be a very generic parabolic decoration and (K, z * ) be its dual. Then, in P(C),
Hence (K, z) and (K, z * ) have the same volume.
Proof. For each 3-simplex T ν of K, we still use T ν to denote the very generic tetrahedron of flags associating to its four vertices. Then from the definition,
By Proposition 3.10, for each ν, the difference β(T * ν ) − β(T ν ) is determined by the four face coordinates of T ν . Since M has no boundary coming from 2-skeletons on the boundary of K, the faces of all 3-simplex T ν are glued in pair. By face equations, the corresponding face coordinates are inverse to each other. Recall we have in P(C),
From this, it is clear that (K, z) and (K, z * ) have the same volume. ✷ 4.8. Remark. If M has boundary coming from 2-skeletons on the boundary of K, then β(K, z) and β(K, z * ) are not necessarily equal in P(C). By the proof of the Theorem, their difference is determined by the face coordinates of the corresponding 2-skeletons on the boundary of K. In this paper, we always consider manifold satisfying the assumption of the above theorem, for example, 3-dimensional hyperbolic manifolds of finite volumes. 4.9. Holonomy of a decoration. Once a parabolic decoration is fixed, we obtain immediately a holonomy map as described in [BFG] . This gives rise to a representation from the fundamental group π 1 (M) to PGL(3, C). In fact, one obtains more structure attached to that representation, namely a decorated representation where the data of flags fixed by the holonomy at the cusps.
Note if a very parabolic decoration (K, z) gives rise to a representation ρ : π 1 (M) → PGL(3, C) via holonomy, then its dual (K, z * ) gives ρ * : π 1 (M) → PGL(3, C) which is ρ followed by the Cartan involution Θ on PGL(3, C), i.e., transpose inverse of a matrix.
We also obtain a representation of the fundamental group of the boundary link at each vertex into PGL(3, C). We say the representation is unipotent if the generators of each boundary link are simultaneously represented in a parabolic subgroup. That is, if for each cusp all generators are up to a global conjugation and a scalar multiplication of the form 
4.10. Theorem. Let M be a 3-dimensional manifold with an ideal triangulation K = N ν=1 T ν . Assume M has no boundary coming from 2-skeletons on the boundary of K. Let (K, z) ∈ Sol(K) be a very generic parabolic decoration and (K, z * ) be its dual. Suppose the boundary holonomy of (K, z) is unipotent. Then, both β(K, z) and β(K, z * ) are in B(C), and β(K, z) = β(K, z * ).
Proof. By the previous theorem, we have β(K, z) = β(K, z * ). By Theorem 5.5.1 in [BFG] (see also [FW] ), β(K, z) ∈ B(C). Hence β(K, z * ) = β(K, z) ∈ B(C). ✷
Applications
5.1. If a configuration of four flags has all coordinates satisfying z ij = z ji = z kl = z lk we obtain from Proposition 3.8 that z * ij = z ji = z ij for all i, j. We conclude that decorated triangulations satisfying these conditions for all simplices are self-dual in the sense that they are fixed by the duality. Observe that PGL(2, C) is self-dual as for any g ∈ PGL(2, C), (g −1 )
T is conjugated to g. This explains the fact that hyperbolic decorated triangulations are self-dual. In other words, we can not see this duality for representations to PGL(2, C).
A similar observation holds for CR decorated triangulations: 5.2. Proposition. Suppose (K, z) is a CR decorated triangulation. Then (K, z * ) = (K,z).
Proof. A CR decorated triangulation satisfies z ij z ji = z kl z lk . and from Corollary 3.9 we have z * ij z * ji = z kl z lk . The result follows. ✷ As a consequence of the proposition above and Theorem 4.3 we obtain the following 5.3. Theorem. Let M be a 3-dimensional manifold with an ideal triangulation K = N ν=1 T ν . Assume M has no boundary coming from 2-skeletons on the boundary of K. Suppose the simplices are decorated with CR flags satisfying face pairing compatibilities. Then, in P(C),
That is, β(K, z) ∈ P(C) + . Hence, the volume of (K, z) is null.
Proof. By the Theorem 4.3 and the previous proposition, we see β(K, z) = β(K, z * ) = β(K,z).
Then β(K, z) ∈ P(C) + follow from its definition. Since D(u) = 0, ∀ u ∈ P(C) + , the volume vanishes. ✷ 5.4. Remark. In [FW] , we showed that in the CR case the volume D(β(K, z)) = 0. The above theorem is clearly a refined result for it.
The following theorem follows from an argument in [N] section 4. See also [BFG] . It holds in more generality but, for simplicity sake, we will consider only a version for cusped hyperbolic manifolds. 5.5. Theorem. Let ρ : π 1 (M) → PGL(3, C) be a decorated representation of the fundamental group of a cusped hyperbolic manifold of finite volume. By this we mean an assignement of a flag to each cusp such that each boundary holonomy preserves that flag. Then, there exists an ideal triangulation of M and a parabolic decoration with holonomy precisely the given representation.
From that theorem and Theorem 4.3 we obtain our main application. Let ρ : π 1 (M) → PGL(3, C) be decorated representation of the fundamental group of a cusped hyperbolic manifold of finite volume.
One defines an invariant β(ρ) by applying the theorem above to obtain a decorated quasi-simplicial complex (K, z). Indeed β(K, z) will not depend on the particular triangulation because each triangulation is connected by 2-3 moves and the invariant is preserved by them as long it is defined. The subtle point is that if the triangulation is not sufficiently fine there will be configurations of flags which are not generic so that the coordinates z are not defined.
5.6. Theorem. Let ρ : π 1 (M) → PGL(3, C) be a decorated representation of the fundamental group of a cusped hyperbolic manifold M of finite volume. Let ρ * : π 1 (M) → PGL(3, C) be the dual decorated representation (transpose inverse). Then β(ρ) = β(ρ * ).
Proof. Since β(ρ) = β(K, z) and β(ρ * ) = β(K, z * ), where (K, z) is a very generic parabolic decoration for the decorated representation ρ. Now it follows from Theorem 4.3. ✷
